Chapter 4. Differentiation

§1. Basic Properties of the Derivative

Let f be a real-valued function defined on an interval I in IR. The derivative of f
at a point a € I is defined to be

f(z) = f(a)

lim ,

Tr—a Tr— a
if this limit exists as a real number. The derivative f at a is denoted by f'(a). We say
that f is differentiable at a if f'(a) exists. We say that f is differentiable on I if f/(z)
exists at each x € I. In this case, f’ itself is a function from I to IR.
For example, let n € INg and let f(z) = 2" for x € IR. We show that f/(x) = nz"!
for all x € IR. Indeed, for n = 0 we have f(z) =1 for all x € IR. Consequently, f'(z) =0
for all x € IR. Suppose n € IN. For a € IR and = # a, we have

f(.’L‘) - f(a’) — xn—l +axn—2 4. +an—2x+an—1.
T —a
It follows that
lim fl) = fla) _ a" traad" 4+ a" 2a+a" =na"l
r—ra xr—Qa

If f is differentiable at a point a, then f is continuous at a. Indeed, for x # a we have

J@) = (@ — ) T

Hence, lim,_,, f(z) = f(a).

Theorem 1.1. Let f and g be two functions from an interval I to IR. Suppose that f
and g are differentiable at a point a € I.

(1) For any c € IR, the function cf is differentiable at a and (cf) (a) = cf’(a).

(2) The function f + g is differentiable at a and (f + g)'(a) = f'(a) + ¢'(a).
(3) The function fg is differentiable at a and (fg)'(a) = f'(a)g(a) + f(a)g'(a).
(4) If g(a) # 0, then the function f/g is differentiable at a and

Y () = {'(@9g(a) - f(a)g'(a)
(g) (a) = 92(a) '

Proof. (1) We have

(ef)(a) = lim (D@ = (@) _

r—a r—a r—a T —a



(2) This is true because the following identity holds for = # a:

(f+9)@) = (f+9)a) _ flz) = fla)  g()—gla)
(3) For z € I\ {a}, we have
(fg)(fﬂ; - gfg)(a) _ f(x)g(xi - z(a) + g(a) f(»"/’; - g(a)

Taking the limit as + — a and noting that lim,_,, f(z) = f(a), we obtain the product
rule.

(4) Since g(a) # 0 and g is continuous at a, there exists an open interval J containing
a such that g(z) # 0 for z € I'NJ. For x € I N J we can write

(f) () — <f> () = 9@S (@) = [l)g(@) _ g(@)](@) - g(a)f(a) + 9(a)f(a) ~ J(a)g(x)
g(@)9(a) (0)9(a) -

Hence, for x € I N J and z # a we have

(f/9)(x) = (f/9)(a) _ (g(a)f(l‘) — f(a) _f(a)g(x) —9(@)) 1

r—a r—a r—a g(x)g(a)’

Taking the limit as  — a and noting that lim,_,, g(z) = g(a), we obtain the quotient
rule. []

For example, let p(x) := co+c1x +cox® +- - - +c,2™ for & € IR, where cg, c1,¢2, ...,y
are real numbers. Then p is a polynomial and
p(x) =c1 +2cx + -+ nea™
Suppose p and ¢ are two polynomials. Let Z, := {z € R : ¢(z) = 0}. Let h be the
rational function given by h(z) := p(z)/q(x) for z € IR\ Z,. If ¢ is not identically 0, then

Zg is a finite set. In this case, by the quotient rule we obtain

h(x) = =-—nz "' zecR\{0L




Theorem 1.2. (The Chain Rule) Let f be a function from an interval I to an interval J,
and let g be a function from J to IR. If f is differentiable at a and g is differentiable at
f(a), then the composite function go f is differentiable at a and (go f)'(a) = ¢'(f(a))f'(a).

Proof. Let h be the function from J to IR given by

h(y) = g(y; - ?(({Lga))

and h(f(a)) := ¢'(f(a)). Since g is differentiable at f(a), we have

lim h(y) = ¢'(f(a)) = h(f(a)).

y—f(a)

for y € J\{f(a)},

Hence the function h is continuous at f(a). Moreover,

9(y) = g(f(a)) = h(y)(y — fla)) VyeJ
Consequently, for x € I\ {a} we have
gof(x)—gofla) _

Tr—a r—a

Taking the limit in the above equation as x — a, we obtain (go f) (a) = ¢'(f(a))f' (a).

Theorem 1.3. (Inverse Function Theorem) Let f be a real-valued function on an interval
I in R. If f is strictly monotone and continuous, then J := f(I) is an interval in IR and
the inverse function g of f is continuous. If, in addition, f is differentiable at some point
c €I and f'(¢) # 0, then g is differentiable at f(c) and

1
C)

Proof. It suffices to prove the theorem for the case that f is strictly increasing. The

g'(f(c))

first part of the theorem was proved in Theorem 5.3 of Chapter 3. Suppose that f is
differentiable at ¢ € I and f’(¢) # 0. To each y € J let x = g(y). Then y = f(z). Since g

is continuous, we have

lim z= lim = c)) =c.
i yﬁf(c)g(y) g(f(c))

Moreover, y # f(c) implies z # c¢. Hence,

i YW —9(fl@) o —e 1 1
Ao v f@ T ERF@ - fO AR e o)
This shows ¢'(f(c)) = 1/f'(c). [



Let us find the derivative of the root function g : = — {/x, z € (0,00), where n is
a positive integer. It is the inverse of the power function f : x — 2™, z € (0,00). In
particular, f({/z) = z for all x € (0,00). By Theorem 1.3, g is differentiable on (0, c0)

and
1 1 1 1/n—1

/
g\r)= - = - )
=T v
Moreover, let h(z) = x" for x > 0, where r = m/n, m € Z and n € IN. Consequently,

h(z) = [#'/?]™. By the chain rule, we have

x € (0,00).

1
W (x)=m[zt/™m =gt/ = g™l 2> 0.
n

§2. The Derivative of the Exponential and Logarithmic Functions

In this section we will find the derivatives of the exponential and logarithmic functions.
Fix a € (0,1) U (1,00). Let f(x) := a” for x € (—o0,00) and g(x) := log, x for
x € (0,00). First, we find the derivative of the logarithmic function g. Suppose = > 0. For

|h| < x we have

log,(x + h) — log, x = log, rh_ log, (1 + ﬁ)
x x

Set y := h/z. Then h = zy and

log,(z + h) — log,
h

1 1
= —log,(1+y) = ~log,(1+y)'".
Ty x

Clearly, limy,_,oy = limy,_,o(h/x) = 0. Hence

. log,(x+h)—log,» .. 1 1/y
2 h B s

We assert that lim, ,o(1 + y)'/Y exists as a positive real number. Assuming that our

assertion is valid and e := lim,_,o(1 + y)'/¥, we infer that

. log,(z+h)—1log,z log,e
/ _ a a _ a
g(a:)—}{li% h I

We write In x for log, x and call it the natural logarithm of x. Let u(z) := e® for z € R
and v(z) ;= Inzx for x € (0,00). By what has been proved, v'(z) = 1/z for z € (0,00). By

the Inverse Function Theorem, w is differentiable on IR and

1 1

W) = 0() = G = T

=e”, z €.
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Note that f(z) = a® = (e!"%)? = ¢*n%, By the chain rule we obtain
fl(x)=e"™%ma=a"lna, zcR.

For u € R, let ¢ be the function given by ¢(z) := 2* for x > 0. Then q(x) = e#'**. By

the chain rule we get

¢ (z) = erm® BB pzht x> 0.
T x

In order to prove that lim,_,o(1 + y)l/ Y exists, we first consider lim,, . S,, where
=(14+1/n)" for n € IN.

By the Binomial Theorem we have

e B () S

k=0
where ¢, j, 1= (Z)(l/n)k Clearly, ¢n0 = c,,1 = 1. For n > k > 2 we have

n! 1 Ilnn—-1)---(n—k+1)

kl(n—k)nk k! nk

_lnn-1 n—k+1_1’ﬁ<1_j>
k'n n n _k:!j:1 n/’

Cn,k =

It follows that

(S (e

because 1 —j/(n+1) >1—j/nfor j=1,...,k — 1. Hence

n—+1 n n
Sn+1 = E Cn+1,k > § Cn+1,k > § Cnk = Sn-
k=0 k=0 k=0

This shows that (sp)n=1,2,.. is an increasing sequence.
Next, we demonstrate that the sequence (s, )n=1,2,... is bounded. We have ¢, < 1/k!
for n > k > 2. Consequently,

n n
1
S”ZZC”vk§1+1+ZE::t“'
k=0 k=2



We can use mathematical induction to prove that k! > 28~ for all k > 2. It follows that

n
1
by S24) oy <3
k=2

Therefore, s, < 3 for all n € IN. Thus lim,,_,~ s, exists as a real number. Let e denote
the limit.

Fix an integer n > 2. For m > n we have

23 g I(-2) > 2 4 TT(-2)

??‘»—t

Letting m — oo in the above inequality, we obtain e > t,,. Thus, s, <t, <e for n > 2.

By the squeeze theorem for sequences we get

An easy calculation gives e ~ 2.718281828459045.

Since lim,o0(1 4+ 1/n)™ = e, we have

lim <1—|— 1 >n:e and  lim <1+%>n+1:e.

For given € > 0, there exists some positive integer N such that

1 n 1 n+1
e—5<<1+—> <<1+—) <e+e VYn>N.
n+1 n

Choose 6 := 1/N. Suppose 0 < y < 6. Then 1/y > N. Let n be the integer such that
n <1/y <n-+1. It follows that 1/(n + 1) <y < 1/n. Clearly, n > N. Hence we have

n 1/ 1 n+1
) <(1+y) y<(1+ﬁ) <e+e.

e—€<<1+
n+1

This shows lim, o+ (1 + y)'/¥ = e. It remains to prove lim,,_,o- (1 + y)'/¥ = e. For
-1 <y<0,set z:=—y/(1+y). Then z > 0 and lim,_,;- z = 0. Moreover, z = —y/(1+y)
implies z(1 +y) = —y. So y = —z/(1 + z). Consequently,

lim (149)YY = lim (14 2)"7Y% = lim (1+2)(1 4 2)Y/% =

y—0— z—0t z—0t
This completes the proof for lim,_,o(1 + )Y =e.
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3. The Mean Value Theorem

Let f be a function from an interval I to IR, and let ¢ be an interior point of I. We
say that f has a local maximum (local minimum) at ¢, if there exists some § > 0 such
that f(z) < f(c) (f(z) > f(¢)) for all x € I N (c—d,c+ 9).

Theorem 3.1. If f has either a local maximum or a local minimum at an interior point

c of I =a,b] and if f is differentiable at ¢, then f'(c) = 0.

Proof. Suppose that f has a local minimum at ¢. Then there exists some § > 0 such that
(c—d,c+6) CIand f(x) > f(c) for all x € (¢ — §,c+ §). Consequently, we have

fle+h) = f(c) fleth) = flc)

"(e) = i >0 d f'(c)= 1 <0.
Fler= 1, 20 and Sl = By T S
Hence, f'(c) = 0. If f has a local maximum at ¢, the proof is similar. ]

Theorem 3.2. (Rolle’s Theorem) Suppose that f is continuous on [a,b] and is differen-
tiable on (a,b). Suppose further that f(a) = f(b). Then there exists at least one point ¢
in (a,b) such that f'(c) = 0.

Proof. If f(z) = f(a) for all = € [a,b]. then f'(x) =0 for all € [a,b], and the theorem
is proved. Otherwise, f must have either a maximum value or a minimum value at some
point ¢ € (a,b). By Theorem 2.1, it follows that f’(c) = 0. [

Theorem 3.3. (The Mean Value Theorem) Suppose that f is continuous on [a,b] and is

differentiable on (a,b). Then there exists a point ¢ in (a,b) such that

—a

Proof. The line joining the points (a, f(a)) and (b, f(b)) has equation y = m(zx—a)+ f(a),
x € R, where m := [f(b) — f(a)]/(b—a). Let g(z) := f(z) — [m(z —a)+ f(a)], a <z <b.
Then ¢ is continuous on [a, b] and g is differentiable on (a, b) with ¢’(z) = f’(x) —m. Note
that g(a) = g(b) = 0. By Rolle’s theorem, there exists some ¢ € (a,b) such that ¢'(c) = 0.
For this ¢ we have f'(c) = m = [f(b) — f(a)]/(b— a). []

Theorem 3.4. (The Generalized Mean Value Theorem) Let f and g be two functions
each of which is continuous on [a, b] and differentiable on (a,b). Then there exists a point
¢ € (a,b) such that

[f(b) = f(a)lg'(c) = [9(b) — g(a)]f'(c).



Proof. Let h be the function given by

h(z) := [f(b) = fla)lg(x) = [g(b) — g(a)]f(z), x € a,b].

Then h is continuous on [a,b] and differentiable on (a,b). By Rolle’s theorem, h'(c) = 0
for some ¢ € (a,b). This completes the proof of the theorem. []

64. Applications of the Mean Value Theorem

The following theorem is an application of the mean value theorem to the study of

monotone functions. Given an interval I in IR, recall that I° is the set of all interior points
of I.

Theorem 4.1. Let f be a real-valued function on an interval I in IR. Suppose that f is
continuous on I and differentiable on I°. Then the following statements are true:

(1) If f'(x) > 0 for all z € I°, then f is strictly increasing on I.
2) If f'(a)
(3) It f'(x)
(4) It f'(a)
(5) If f'(x) =0 for all x € I°, then f is constant on I.

x) <0 for all x € I°, then f is strictly decreasing on I.
x) >0 for all x € I°, then f is increasing on I.

<0 for all x € I°, then f is decreasing on I.

Proof. Let us prove (1). Consider x1,x5 € I with 21 < x5. By the mean value theorem,
there exists some ¢ € (x1,x2) such that f(z2) — f(z1) = f'(¢)(x2 — x1). Clearly, ¢ € I°
and hence f’(c) > 0 by the assumption. It follows that f(xz2) — f(x1) = f/'(¢)(z2 — 1) > 0.
This shows that f is strictly increasing on I.

Parts (2), (3), and (4) can be proved by using similar arguments. Finally, (5) follows
immediately from parts (3) and (4). [

The following example illustrates an application of Theorem 4.1.

Example 1. Let f(x) :=23/(1 — 2?) for x € R\ {—1,1}. Determine the intervals where

f is monotone.

Solution. For x € R\ {—1,1} we have

by (322)(1 — 2?) — 23(—27) B 2%(3 — 2?)
fi(x) = (1— 22)2 - (1—ax2)2"

Hence f'(x) < 0 for |z| > v/3 and f/(x) > 0 for x € (—v/3,/3)\{—1,1}. Thus, the function
is strictly decreasing on (—oo, —v/3] and [v/3,00), and strictly increasing on [—v/3, —1),
(—=1,1) and (1,v3].



The mean value theorem is useful for proving certain inequalities.

Example 2. Prove the following inequality:

’ <In(l+z) <z forallz>—1.
I+

Proof. Let f(z):=x —1In(l + ), x > —1. We have

1 T

— - o> 1.
1tz 142 °

J) =1

Hence, f/'(x) > 0 for x > 0 and f’(x) < 0 for z < 0. This shows that f is strictly decreasing
on (—1,0) and is strictly increasing on (0,00). Therefore, f(z) > f(0) = 0 for z > —1,
that is, In(1 + z) < x for z > —1.

Let g(z) :=In(14+2) —x/(1 + ), x > —1. We have

1 1 x

:1—|—:U_(1+:1;)2 (1+z)%

g'(x)

Hence, ¢'(z) < 0 for z € (—1,0) and ¢'(x) > 0 for « € (0,00). This shows that g is strictly
decreasing on (—1,0) and is strictly increasing on (0, 00). Therefore, g(x) > ¢g(0) = 0 for
x> —1, that is, z/(1 + z) < In(1l + z) for z > —1. [

The following example generalizes the Bernoulli inequality.
Example 3. Let > 1. Prove that (1 + z)* > 1+ px for all z > —1.
Proof. Let f(z):= (1 +x)* — (1 + px) for x > —1. Then

fl(@) = p(l+ )"t = p=p[(1+ 2" = 1].

Since u > 1, (1+z)* ! <1for -1 <z <0and (1+x)* ! >1for z>0. Thus, f'(z) <0
for -1 <z < 0 and f’(x) > 0 for z > 0. This shows that f is decreasing on (—1,0] and
increasing on [0, 00). Therefore, for all > —1, f(x) > f(0), that is, (1 + z)* > 1 + px.

As an application of the generalized Bernoulli inequality, we study the following limit:

«
lim —,

x
T—00

where a > 1 and a € IR. First, consider the case a« < 1. Let b := a—1 > 0. The Bernoulli’s
inequality tells us that a® = (1 +b)* > 1 + bz for > 1. Hence

:)3"‘<xa_ 1 1
V<@ St e T
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Since 1 — a > 0, we have lim,_,., 1/(bz1™*) = 0. By the squeeze theorem for limits, we

get lim,_, oo x%/a” = 0. Next, consider the case a > 1. Choose a positive integer m > a.
Then

et xoz/m m

o~ [y
Now we have a/m < 1 and a'/™ > 1. Therefore,

a/m @

Setting z = log, y in the above limit, we obtain

lim (log, v)

Yy—r00 y

=0,

provided that a > 1 and o € IR.

Let f be a continuous function from an interval I to IR. If f is differentiable on I° and
there is a constant M such that |f/'(z)| < M for all z € I°, then the mean value theorem
gives

|f(x1) = f(x2)] < M|zqy — 22| V1,20 € 1.

Thus f is a Lipschitz function on I. In particular, f is uniformly continuous on I.

Example 4. Let f(z) = Inx, x € (0,00). For a fixed a > 0, prove that f is uniformly
continuous on [a, 00).

Proof. For x > a we have

K| =
SN

()] =

<

By the mean value theorem, f is uniformly continuous on [a, o).

§5. Taylor’s Theorem

Let f be a real-valued function defined on an interval I in IR. If f is differentiable on
I, then the derivative f’ : z +— f’(z) is also a function on I. If ¢ € I and f is differentiable
at ¢, then the derivative of f’ at ¢, denoted by f”(c) or f®(c), is called the second
derivative of f at ¢, and f is said to be twice differentiable at c. More generally, for
n € IN, if f(*=1 exists on I, and if f(®~1 is differentiable at ¢, then the derivative of
f@=1 at ¢, denoted by f(™(c), is called the nth derivative of f at ¢, and f is said to be
n-times differentiable at c. If f is n-times differentiable at every point of I, then we say

that f is n-times differentiable on I.

10



Example 1. Let f be the function on IR given by f(z) := (x —a)™ for x € IR, where
n € INg and a € R is a constant. For k € IN, find f*) and f* (a).

Solution. For n > 2 we have
f'(x)=n(z—a)"* and f’(z)=n(n—1)(z—a)" "2
More generally, for k& < n we have
fB@)y=nn-1)---(n—k+1)(z—a)" % zelR.

Note that f(")(z) = n! for z € R. So f( is a constant. In particular, ) (a) = nl.
Moreover, for k > n we have f(*) =0 and f*)(a) = 0. If k < n, then n—k > 1, and hence

n=k vanishes when x = a. Therefore, f*)(a) = 0 for k < n.

(z —a)
Example 2. Let g be a function from an interval I to IR. Suppose that g is n-times
differentiable on I, and that ¢(") is differentiable on the interior of I. Let a and b be two
distinct points in I. If ¢*)(a) =0 for k = 0,1,...,n and g(b) = 0, then there exists some
¢ between a and b such that ¢g(»+1) (&) = 0.

Proof. For £k € IN let P, be the statement “either k& > n + 1 or there exists some &
between a and b such that f(*)(¢) = 0”. We shall use mathematical induction to prove
that Py is true for all £ € IN. For k = 1, since g(a) = g(b) = 0, by Rolle’s theorem there
exists some £ between a and b such that ¢’(£) = 0. This verifies the base case. For the
induction step, assuming that Py is true, we wish to prove that Py4; is true. If £ > n,
then £+ 1 > n + 1; hence Py is true. Let us consider the case £ < n. By the induction
hypothesis, g*)(n) = 0 for some 7 between a and b. But ¢(®)(a) = 0. Applying Rolle’s
theorem to the function ¢(*), we see that there exists some & between a and 7 such that
(g™))(¢€) = 0. In other words, g¥+1)(¢£) = 0. Now 7 is between a and b, and ¢ is between
a and 1. We infer that ¢ is between a and b and thereby complete the induction step.
Consequently, P,y is true. This is the desired result. ]

Let f be a function from an interval I to IR. Suppose that f is n-times differentiable
on I. Given an interior point a of I, we wish to find a polynomial of degree at most n such
that p(a) = f(a),p'(a) = f'(a),...,p"™ (a) = f(a). We may express p in the following

form:

p(t) =) a(t—a), teRR.
k=0

By Example 1 we have p*) (a) = cik!. Thus, p*)(a) = f*)(a) if and only if ¢, = f*) (a)/k!,
k=0,1,...,n. We write

n k) (g
T, (f, a)(t) ::Zf k!( )(t—a,)k, t € IR,
k=0

11



and call T, (f,a) the nth Taylor polynomial of f at a.

Theorem 5.1. Let f be a function from an interval I to IR. Suppose that f is n-times
differentiable on I for some n € Ny, and that (™ is differentiable on the interior of I. For
an interior point a of I, let p,, := T,(f,a) be the nth Taylor polynomial of f at a. Then

for each x € I, there exists some £ between a and x such that

(n+1)
f(2) = pula) + % (& — o)™+,

Proof. We have f(a) = p,(a). Hence, we may assume x # a in what follows. Let
g(t) == f(t) = pu(t) —r(t —a)"*", tel,

where r is so chosen that g(x) = 0. In other words, f(z) — pn(x) = r(x — a)"*!. We
observe that the derivatives g(¥) exist on I for k = 0,1,...,n. Moreover, g*)(a) = 0 for
k=0,1,...,n. By Example 2, there exists some ¢ between a and z such that g(»+t1) (¢) = 0.
On the other hand, g1 (¢) = f(*+1)(¢) — (n 4 1)!r. Hence we have

FOFUE) — (n+1D)lr = 0.
It follows that r = (1 (&)/(n 4 1)!. Therefore,

Fr©)

f(x) = pu(@) +r(z —a)" ™ = py(a) + (n+ 1)

This completes the proof. ]

Let R,(f,a) := f —T,(f,a). Then R,(f,a) is called the remainder between f and

T,.(f,a). The above theorem shows that there exists some £ between a and x such that

_ )

Bn(fsa) = (n+1)! "

(z —a)

This is called the Lagrange form of the remainder.

Example 3. Let f be the function given by f(z) = v/1+x for z € (—1,00). Find its

second Taylor polynomial at a = 0 and the corresponding Lagrange form of the remainder.

Solution. We have
/ 1 —1/2 " 1 —3/2 " 3 —5/2
f(x):§(1+l‘) ,  f ($)2—1(1+$) . f ($)=§(1+x) :

12



It follows that f(0) =1, f'(0) =1/2, and f"(0) = —1/4. Hence

VIET = To(f,0)(x) + Ra(f,0)(z) = 1 + %x - éxz + Ro(f,0)(x),
where »
Ro(7,0)(@) = T80 = S g g0
for some £ between 0 and . ]

Now let f be an infinitely differentiable real-valued function on an interval I. The

series

(k) (g
Zf k'( )(m—a)k,

k=0

as a function of x on I, is called the Taylor series of f about a. This series converges to
f(x) if and only if lim,, o R, (f,a)(x) =
Let f(x) := e® for x € R. Then f*)(z) = e® for all k € IN and = € IR. Consequently,

n.T
D=2

and

of
Ralf,0)(&) = gy o™

where ¢ is a real number between 0 and x. Suppose M > 0. For x € [—M, M| we have

Mn+1 Mn—|—1
M and lim — =0.
(n+1)! n—oo (n + 1)!

[ Bn(f,0)(2)] < e

Hence, the sequence (T),(f,0)(z))n=1,2,... converges to f(z) for each x € IR. Consequently,
=35
pars k!’

Example 4. Let g be the function on IR given by g(z) = e~'/* for > 0 and g(z) = 0 for
x < 0. Clearly g is infinitely differentiable at any point in R\ {0}. Moreover, g™ (0) =0
for all n € INg. Hence the Taylor series of g about 0 is identically zero, so g does not agree

with its Taylor series in any open interval containing 0.
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§6. Power Series

A power series in x about a is an infinite series of the form

oo
Z cn(x—a)”,
n=0

where ¢ € IR and ¢, € IR for n € INg. The main purpose of this section is to study
convergence of the power series.

Suppose that the power series Y~ ¢, (@ — a)” converges for some zo # a. Then it
converges absolutely for all z € IR satisfying |x —a| < |zg — a|. Let us verify this assertion.
Since the series Y~ ¢, (zo — a)™ converges, the sequence (cp (29 — a)™)p=0,1,... converges
to 0. So there is a positive number M such that |¢,(zo — a)™| < M for all n € INg. Then
we have

len(z — a)| = |en(zo — a)"||(z — a)™/(zo — a)™| < Mr",

where r := |z — a|/|zo — a|. Since |z — a| < |xg — a|, we have 0 < r < 1, and hence the
geometric series Z;’LOZO Mr™ converges. By the comparison test for series we see that the

series Y >~ cn(z — a)™ converges absolutely.

Theorem 6.1. Given a power series Y . ¢, (z —a)", there is R € [0, 00) or R = oo with
the following properties: (1) the power series Y - cn(z — a)™ converges for all x € R

with |x — a| < R; (2) the power series diverges for all x € R with |x — a| > R.

Proof. Let S be the set of those z € IR for which the power series Y - cn(z — a)”
converges. Since a € S, S is nonempty. Let R := sup{|z —a| : x € S}. If R = 0, then
oo o en(x — a)™ diverges whenever = # a. If 0 < R < oo, then |z — a| > R implies z ¢ S;
hence >~ 7 ¢, (x—a)™ diverges. Now suppose that |z —a| < R, where 0 < R < co. By the
definition of R, there exists some zo € S such that |z—a| < |zg—al. Thus Y > cp(zg—a)™

converges. Therefore the series Y - ¢, (x — a)™ converges. [

The extended real number R € [0,00] in the above theorem is called the radius of
convergence of the power series > ¢, (z — a)™. From the proof of the above theorem
we see that (a — R,a+ R) C S C [a — R,a+ R]. Hence S is an interval. It is called the
interval of convergence of the power series. If R = 0, the interval of convergence is the

degenerated interval {a}. If R = oo, the interval of convergence is (—o0, 00).

Example 1. Consider the following three power series:

o.@] oo oo :L‘n
n n
g nlx"™, g z", E —
n!
n=0 n=0 n=0
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By using the ratio test we see that the series > >~ nlz" diverges for any = # 0. So its

radius of convergence is R = 0. The series > - z"

is a geometric series. It converges if
and only if —1 < x < 1; hence its radius of convergence is R = 1. Finally, the power series
>0 o x™/n! converges for all z € IR and its radius of convergence is R = oo.

Example 2. Determine the interval of convergence of the following power series:

o0

1
> ST (x4 2)™.

n=0

Solution. Let u, := (x +2)"/(3"(n+ 1)) for n € INg. For  # —2 we have

Unp1|  Jz 42" 3"(n+1) |z +2/n+1
U, | 3"ti(n+2) [z+2/» 3 n+2
It follows that
lim Up+1 _ |CU+2|
n—oo| Uy 3

By the ratio test, the power series converges if |x 42| < 3 and diverges if |z 42| > 3. So its
radius of convergence is R = 3. We observe that |z +2| < 3 if and only if -3 <z +2 < 3,
which is equivalent to —5 < z < 1. The end points of the interval (—5,1) are —5 and 1. If

x = —b, the series
—(-5+2)" =
;3"(714—1)( +2) ;n+1

is convergent, by the alternating series test. If x = 1, the series

oo o0

1 . 1
B e D

n=0 n=0

is the harmonic series. So it diverges. We conclude that the interval of convergence of the
power series is [—5, 1).

Term-by-term differentiation of a power series is valid inside its interval of convergence.
Theorem 6.2. Suppose that the power series > ., ¢, (x —a)™ has radius of convergence

R >0. For z € (a— R,a+ R), let f(x) be the sum of the series. Then f is differentiable
on (a — R,a+ R) and

f(x) = incn(a: —a)" ! Vre(a—R,a+R).
n=1

)nfl

Proof. First, we prove that the power series Y | ne,(z—a converges absolutely for

all x € (a — R,a+ R). For this purpose we fix a real number = € (a — R,a+ R). Choose xg

15



such that |z —a| < o —a < R. By our assumption, the series >~ ¢, (zo—a)™ converges.
Hence the sequence (¢, (xo — a)™)n=0,1,... converges to 0. So there is a positive number M
such that |e,(zo — a)" | < M for all n € IN. It follows that

[nen (e —a)" "t = |en(zo — )" nlz — a7/ (zg — a)" T < M,

where r := |z — a|/|xzg —a| < 1. Thus the series Y > Mnr" ! converges. So the

)n—l

series Y > nep(r —a converges absolutely, by the comparison test. Applying term-

=1 we see that the power series

by-term differentiation to the series > 7 nc,(z — a)
S on(n — 1), (z — a)" % converges absolutely for all € (a — R,a + R).

Next, we show that f'(x) = g(z) for x € (a — R,a + R), where g(z) is the sum of the
series Y o~ nep(x —a)" "t Let h:= (xg —a) — |z — a|. Then h > 0. For 0 < |[t| < h we

have

—n(z—a)" .

flz+1) - fz) N [e—att) —(@—a)"
; —g(x) = Z Cn ;
Let u,(t) == (x —a+t)" — (r —a)", t € R. For n = 1 we have u;(t) =t. For n > 2, by
the Taylor theorem we get un(t) = u,(0) + ul, (0)t + ul/(£)t? for some & between 0 and ¢.
Consequently,

(x—a+t)" —(x—a)"
t

_n(x_a)n—l _ M _u%(()) =tn(n— 1)(x—a+£)"_2.

We have
|z —a+¢| < |z —a|l+[§] < |z —a+|t| <|ro —al.

It follows that

flz+1) = f(x)
t

oo
<[t lealnn = lzo — a2,

n=2

—g(z)

But the series >~ |cp|n(n—1)|zg—a|™ 2 converges and its sum is a constant independent

of t. Therefore,
fla+1t)— fx)

lim ; = g(x).
This shows that f/(z) = g(z) => .7 ne,(z —a)" ! for z € (a — R,a + R). []

Example 3. The power series ZZOZO 2™ is a geometric series. We have

o0
n 1
» = , —l<z<l1.
= 1—=z
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Differentiating the above power series term-by-term, we obtain
= 1
ne"l=__—— _ —l<z<l.
Swrt=
n=1

Suppose that the power series >~ ¢, (z — a)™ has radius of convergence R > 0. For
x € (a—R,a+ R), let f(x) be the sum of the series. For k € IN, differentiating the power

series term-by-term k times, we get
f®(2) = Z can(n—1)---(n—k+1)(x—a)" " zc(a—R,a+R).
n==k

Substituting a for x in the above equation, we obtain f*)(a) = c,k!. Therefore,

A

k=0,1,2,....

Thus, > 7 ¢n(z — a)™ is the Taylor series of f about a.
Example 4. Let f(z) = In(1 + z) for x > —1. Find the Taylor series of f about 0.
Solution. Let g(x) := f'(x) = 1/(1 4+ z) for z > —1. We have

oo o0

1 1
1+z 1— (—z) - Z(_x)n = Z(—l)"l‘", -l<z<l1.

For —1 < z < 1, let h(z) be the sum of the power series Y (—1)"z"*/(n +1). By
Theorem 6.2, h/(z) = g(x) for x € (—1,1). On the other hand, f'(z) = g(x) for x € (—1,1).
Hence, f'(z) — h'(z) =0 for all x € (—1,1). Consequently, f — h is a constant on (—1,1).
But f(0) =0 and h(0) = 0. Therefore, f(x) = h(zx) for all x € (—1,1). This shows that

LTI o N G D
ln(1+x)zzn+1x zsz, x € (—1,1).
n=0 n=1

Note that the convergence of interval of the above power series is (—1,1]. But the conver-

gence of interval of the power series Y - (—1)"z" is (—1,1).

§7. Length of Curves

In this section we study lengths of curves in the Euclidean plane.
We use IR? to denote the set of ordered pairs (1, x2) of real numbers. For two points

z = (z1,22) and y = (y1,92) in R?, define

p(z,y) =/ (21— 91)% + (y1 — y2)%.
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Then p(z,y) represents the distance between 2 and y. We call p a metric on IR®. The
Euclidean plane is the set IR? equipped with the metric p. The metric p satisfies the
following properties for z, vy, z € R%:
(1) p(z,y) >0, and p(x,y) = 0 if and only if x =y,
(2) pz,y) = p(y, ), and
(3) plz,2) < p(z,y) + p(y, 2).
The third property is called the triangle inequality.
Let u be a mapping from an interval I in IR to IR?. We say that u is continuous on

1, if for every a € I,

lim p(f(t), f(a)) = 0.

t—a

A curve in the Euclidean plane IR? is represented by a continuous mapping u from a
closed interval [a,b] to IR®. Suppose u(t) = (ui(t),us(t)) for t € [a,b], where u; and us
are real-valued continuous functions on [a,b]. Then u is a continuous mapping from [a, b|
to R%.

By a partition P of [a,b] we mean a finite ordered set {to,?1,...,t,} such that

a=ty <ty <---<t,=>b

Let P := {to,t1,...,t,} be a partition of [a,b]. For j € {1,...,n}, the length of the line

segment connecting two points u(t;_1) and u(t;) is

V() = un (0] + [ua(ty) — us(t1)]2.

Let L(u, P) denote the sum of the lengths of the line segments connecting u(t;_1) and
u(t;) for j =1,...,n. Then

L(u, P) = Z \/[Ul(tj) —un(tj-1)]? + [ua(t;) — ua(t;-1)]°

The length of the curve u is defined to be
L(u) := sup{L(u, P) : P is a partition of [a, b]}.

If L(u) < oo, then u is said to be rectifiable.

For a < ¢ <d < b, we use ulj. g to denote the restriction of u to the interval [c, d].
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Theorem 7.1. Let u = (uy,us) be a continuous mapping from [a,b] to IR?. If v and
are continuous on [a, b], then u is rectifiable and the function s given by s(t) := L(u|(,4)

for a <t < b has the following property:

s'(t) = \/[U’l(t)P +up(®)]?, L€ labl.

Proof. Suppose a <c<d<b. For k=1,2, let

my, = inf{|uy(t)| : t € [c,d]} and My := sup{|uy(t)|: t € [c,d]}.

Let P = {to,t1,...,t,} be a partition of [¢,d]. By the mean value theorem, for each
Jj € {1,...,n} there exist some §; and 7; in (¢;_1,t;) such that

wy(ty) —ui(tj—1) = wy(&)(t; —tj—1) and wug(t;) —ua(tj—1) = us(n;)(t; —tj—1).
It follows that
m(t; —tj—1) < |up(ty) —ur(tj—1)| < Mi(t; —t;-1), k=1,2.

Consequently, with m := \/m? + m3 and M :=\/M? + M3 we have
> omlty—t; 1) <Y \/[Ul(tj) —uy (tj—1))? + [ua(t;) — ua(t;1)]> <D M(t; —t;1).
j=1 j=1 =1

J

Hence, m(d — ¢) < L(ul(¢,q,P) < M(d — c). This is true for every partition P of [c, d].
Therefore,
m(d —c¢) < L(ulie,q) < M(d - c).
In particular, u is rectifiable.
Now suppose t,t+h € [a,b]. For k = 1,2, let my, j, (M}, 1) be the infimum (supremum)
of the function |u}| on the interval with ¢ and ¢ + h as the end points. Let

mp, = ,/mih + mg’h and M, = ,/Mih + M22,h'

We have s(t+h) — s(t) = L(up4p)) for h > 0 and s(t +h) — s(t) = —L(ug4n,4) for b <O0.
Thus, by what has been proved we obtain

my, < S(th)b_s(t) <M, h#0.

Since v} and u), are continuous on [a, b],

T e s
lim my, = lim My, = \/[uf (5] + [u (5],
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Consequently,

"$) — 2 1 (£)]2
() = lim S VIGOP + [0, ¢ € [a,]
This completes the proof of the theorem. ]

Let us consider the following example: v(t) = (71(t),v2(t)), where

1—1¢2 2t
y1(t) := e and yg(t):H—tQ, 0<t<L1.
We have ot 21— 12)
) _ _
7 (t) = Aty and  y;(t) = eSOk <t<L

Clearly, vi(t) < 0 and ~5(t) > 0 for 0 < t < 1. Hence, ~; is strictly decreasing and
is strictly increasing on [0,1]. Thus, 7 is a one-to-one and onto mapping from [0, 1] to
{(z1,22) € R? : x? + 235 = 1,21 > 0,29 > 0}, which is the part of the unit circle in the
first quadrant. For 0 <t <1, let s(t) := L(7[0,4). Then

2
() =P+ sOP = 55 01l
For 0 <t <1 and n € IN we observe that
1 n (—t2)n+1
S 2 I WA
1+ t? g;( )+ 1+ ¢2
This motivates us to introduce the function
n 2k+1
t
T E: ., 0<t<1.
P Qk +1
Clearly, r,(0) = 0. Moreover
n 2(_t2)n+1
) =) -2 ) (e = S o<
k=0

By the mean value theorem we have
Pa ()] = () = 1 (O)] < sup{lr,(7)] s 7 € 0,4} <2272, 0<t<1.

It follows that lim, o 7, (t) = 0 for 0 <t < 1. Consequently,

n 2(—1 kt2k+1 0 2(—1 kt2k+1
sty = im ST S 2L gcicn



Furthermore,

t2l€+1>

[ee) 1 [ee)
];] 2k+1 1—t§ bi( 0<t<l1

= 2(-1)"
2 %t

where by (t) := (1 4+t + --- +t2¥)/(2k + 1). In particular, by(t) = 1. For 0 < t < 1, the
series > p o (—1)*bg(t) is an alternating series with by (t) > bg11(t) for all k& € INg. Indeed
bk(t) Z bk+1( ) holds if

2k +3) A+t 4+ 27 — 2k + 1)1 4t + - - 4 27 p 28T L4212y >

Let w denote the left side of the above inequality. Then for 0 < ¢ < 1 we have

2k
=2(1 4t 4 +17F) = 2k + 1)(PFT +£2582) =3 27 — (29 4 42512)] > 0.
j=0

This verifies by (t) > by11(t) for 0 <t < 1 and k € INy. It follows that
> (-1 ) < bo(t) =1.
k=0

Consequently,
oo

H<2(1—-1t), 0<t<l.

Finally, by the squeeze theorem for limits, we obtain

s(1) = lim s(t) =

t—1—

k=0

Let m be the perimeter of the half unit circle. Then

_i":(—nk_l L1 1,
S &=2%k+1 305 7 ‘

The above series gives m ~ 3.141592653589793.
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§8. Trigonometric Functions

In this section we introduce trigonometric functions and investigate their properties.

Given two distinct points A and B in the Euclidean plane, the ray AB is the set
consisting of A together with all points on the line AB that are on the same side of A
as B. The point A is the origin of the ray. Let AB and AC be two rays originating at
the same point A, not lying on the same line. Then the angle /BAC is the union of the
rays AB and AC and the set of those points P satisfying the following two properties: (1)
the line segment PC does not intersect the line AB; (2) the line segment PB does not
intersect the line AC. The point A is called the vertex of /BAC.

In the Euclidean plane IR* = {(z,y) : x,y € IR}, the z-axis is the line {(z,0) : z € IR},
and the y-axis is the line {(0,%) : y € IR}. Let C be the unit circle {(z,y) : 22 + y? = 1}.
The unit circle intersects the z-axis at two points A(1,0) and B(—1,0). The arc AB is the
upper half unit circle {(z,y) : 22 + y?> = 1 and y > 0}. If P(x,y) is a point on the unit
circle with y > 0, then the arc AP is the the intersection of the unit circle with /PO A.
If P(z,y) is a point on the unit circle with y < 0, then the arc BP is the the intersection
of the unit circle with / POB and we define the arc AP to be the arc AB followed by the
arc BP. For a point P(x,y) on the unit circle, let o(z,y) be the length of the arc AP. If
(x,y) = (1,0), we define 0(1,0) = 0. Then o is a one-to-one function from the unit circle
C onto [0,27). Given 0 € [0,2m), there exists a unique point P(z,y) on the unit circle
such that o(z,y) = 6. We define

cosf:=x and sinf:=y.

It follows that cos0 = 1, sin0 = 0, cos(7/2) = 0, sin(7/2) = 1, cosm = —1, sinw = 0,
cos(3m/2) = 0 and sin(37/2) = —1. In general, any 6 € IR can be uniquely represented as
0 = 0y + 2km, where 6y € [0,27) and k € Z. Then we define

cosf :=cosby and sinfd :=sinfy.

Thus the cosine and sine functions are 27-periodic. Since the point (cos 6, sin #) lies on the
unit circle, we have
cos?f +sin?d =1 VOcI.

Let us find the derivatives of the sine and cosine functions. For this purpose, we
consider the set £ := {(z,y) : %> + y* = 1,2 > 0 and y > 0}, which is the part of the unit

circle in the first quadrant. It has the following parametric equations:

1—¢t? 2t
= d y=vt)=——, 0<t<1.
14 MY v(®) 1+t2’ -

x = u(t)
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Given a point P(u(t),v(t)) for some ¢ € [0, 1], the length of the arc AP is 0 = o (u(t), v(t)).
Let s(t) := o(u(t),v(t)) for t € [0,1]. In the last section we proved that s is a strictly

increasing continuous function from [0, 1] onto [0, 7/2]. Moreover,

s(t) Vvt e [0,1].

- 142

Since z = u(t), y = v(t) and 0 = s(t), for 0§ € [0,7/2] we have

—4¢
dx dz (1+12)2 —2t
cos' () = — = 4t — = = —siné
(6) a4 = 1+¢2
and 1)
2(1—t
d dy areez 1-t2
sin’(0) = d—g = gg = (H; - T = oo 6.
dt 1+¢2 +

From the definitions of the cosine and sine functions we can deduce that
cos(f +7m/2) = —sinf and sin(f 4+ 7/2) =cosf, 0 €[0,7/2].
Moreover,
cos( +m) = —cos@ and sin(f@+ )= —sinf, 0 € [0,7].
Furthermore, the cosine and sine functions are 27-periodic. Therefore we conclude that
cos’(f) = —sinf and sin’(d) = cosf VO € (—o0,0).
By using differentiation we can derive the following addition formulas:
sin(a+£) = sinacos f+cosasinf and  cos(a+5) = cosacos f—sinasin 5, «a,f € R.
Indeed, to prove the first formula, we consider the function ¢ given by
q(0) :=sinfcos(y — ) + cosOsin(y — ), 0 € IR,
where v := a + 3 is fixed. For every 6 € IR we have
q'(0) = cosf cos(y — ) + sinfsin(y — 0) — sin @ sin(y — 0) — cos 6 cos(y — 0) = 0.

Hence, ¢(a) = ¢(0). This establishes the first formula. The second formula can be proved

similarly.
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Now let us find the Taylor series of the sine function about 0. Let f(z) := sinz for

x € (—o00,00). We have
f'(x) =cosz, ["(z)=—sinz, [fO(z)=—cosz, fH(z)=sinz.
In general, for j =0,1,2,...,
f@)(z) =sine, fEY(@) =cosz, [ (2)=—sinz, [ (2)=—cosz.
It follows that
fE0)=0 and fEHY0)=(-1)*, k=0,1,2,....

By the Taylor theorem we obtain

. (_1)k 2k+1
f(l‘) = E —(2]{; 'x —+ Rgn+1($),
k=0 )

+1)
where (2mt2) -
f " (5) 2n-+2 +1 . "
Ron — L WS a2 (qyn o
on+1(x) Gn 1) (—1) sin & n 1)
with £ between 0 and x. It follows that
|x|2n+2
Ry, < —
| Ront1 ()| < on 1 9)]
Consequently,
Jim | Rop(2)] = 0.
Therefore
: _ = (_1)71 2n+1 __ 113'3 113'5 1'7
R DYcrrey R T

n=0

Term-by-term differentiation of the above power series gives the Taylor series of the cosine

function ahbout 0:

_1)n ZI§'2 $4 .’L'6
TR T T

x € (—00,00).

(@]
3
8
I
()¢
/[3/\
=
8
s
|
—_
I
|
+
|
|
|
_|_

n=0

The other trigonometric functions, tangent, cotangent, secant, and cosecant, are de-

fined as follows:

sin 0

and secf :=

tanf :=
cos 6 cos

for 0 e R\ {kr+7/2:k € Z},
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and

cos @
cotf :=

1
and cscf := ] for 0 e R\ {kr: k € Z}.

sin
The derivatives of these functions are found by using the quotient rule:

tan’() =sec*# and sec’(0) =tanfsec for § € R\ {kr +7/2:k c Z},
and
cot’(f) = —csc?@ and csc'(f) = —cotfesch for € R\ {km: k€ Z}.

Finally, let us investigate the inverse trigonometric functions. Let f(6) := sin@ for
—m/2 < 0 < w/2. Since f'(f) = cosf > 0 for —/2 < 6 < 7w/2, f is strictly increasing
on [—m/2,m/2]. Thus, f maps [—7/2,7/2] one-to-one and onto [—1, 1]. Hence, the inverse
function f~! is continuous and strictly increasing on [—1,1] and its range is [—7/2,7/2].
We define

arcsinz := f~H(z), x¢€[-1,1].

By the inverse function theorem, with x = sin # we obtain
1 1 1

:f’(ﬁ)_ —l<x<l1.

arcsin’(z)

~ cosf - V1— 2’
Let g(0) := cosf for 0 < § < 7. Since ¢’(f) = —sinfh < 0 for 0 < 0 < 7, g is strictly
decreasing on [0, 7]. Thus, g maps [0, 7] one-to-one and onto [—1,1]. Hence, the inverse

1

function ¢~ is continuous and strictly decreasing on [—1,1] and its range is [0,7]. We

define

arccosz := g '(x), x € [-1,1].
It is easily verified that
7T .
arccosz = o —arcesing, € [—1,1].

Let h(6) :=tan@ for —w/2 < § < 7/2. Since h' () = sec?0 > 0 for —w/2 < 0 < 7/2,
h is strictly increasing on (—m/2,7/2). Thus, h maps (—m/2,7/2) one-to-one and onto
(—00, 00). Hence, the inverse function h~! is continuous and strictly increasing on (—oo, 0o)
and its range is (—m/2,7/2). We define

arctanx := h™(z), = € (—00,00).

By the inverse function theorem, with z = tan # we obtain

, 1 1
arctan’(z) = R'(0)  sec2f 1+ a2’

—o0 < T < 0o0.
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